One of the main functions of a multilayer cover liner is to prevent water from infiltrating into mine or other waste thereby preventing the occurrence of ground water pollution. In the past, numerical models have predominantly dealt with vertical infiltration or infiltration into sloping hillsides of infinite extent. The two layer model investigated in this paper has a more realistic shape which is piece-wise linear with a horizontal top, vertical bottom and a sloping section inbetween. At the intersection of these segments are corner points where there are changes from sloping flow dynamics to either vertical or horizontal flow dynamics, depending on the corner point. The abrupt change in dynamics at the corner points can cause numerical problems especially when
Introduction
When a waste dump reaches its full capacity a cover liner is employed as a last measure to isolate the potentially harmful waste from the environment. One of the main objectives of a cover liner is to prevent water from infiltrating into the waste and thereby preventing any additional risk of groundwater pollution. In the past, cover liners have been predominantly made from compacted clays and/or geosynthetic materials making use of their very low hydraulic C533 conductivity properties. However, these kinds of cover liners have not always been successful and their appropriateness has been questioned [2, 7] . In recent times, cover liners made from various soil layers have been investigated. These multilayered liners rely on the diversion capacities of capillary barriers, which are fine over coarse soil structures [8, 11] . Nevertheless, there is still a need to understand flow dynamics through such soil structures so as to maximise their ability to divert water away from underlying waste.
Numerical models have been used as a tool, by several researchers, to understand flow dynamics through cover liner systems. In the past, numerical models have predominantly dealt with infiltration into vertical soil profiles or sloping soil profiles of infinite extent [3, 13, 8] . The model presented in this paper has a more realistic shape being piece-wise linear with a horizontal top, vertical edges near the bottom and a sloping section in-between ( Figure 1 ). During the simulation, the top boundaries A-B-C experience a constant rainfall flux while boundaries A-H and C-D are assigned a no flow condition as a line of symmetry. The no flow condition along C-D assumes that another waste dump butts up against the boundary C-D. A no flow condition is also applied to the boundary immediately above the waste (E-F-G-H) and boundary D-E allows infiltrating water to drain naturally from the system. Boundary A -B -C -D is the soil layer interface separating the top soil (Soil 1) from the bottom soil (Soil 2).
To model unsaturated flow through the cover liner (Figure 1 ), Schiesser's Method of Lines [12] was used to solve the following two dimensional h-based version of Richard's Equation:
where C(= ∂θ/∂h) is the water capacity, θ is water content, h is hydraulic pressure, K is the hydraulic conductivity, x is the horizon- The θ-h relationship (main wetting curve) and the hydraulic functions K and C evaluated using van-Genuchten functions for two soils, Glendale clay (Soil 1) and Berino loamy fine sand (Soil 2) [4] . The h-based version is usually chosen to describe layered soil systems since θ is generally discontinuous between the two soils. In addition, Richard's Equation is based on the conservation of mass, where flux in the z and x-direction is given by Darcy's Law:
Since there is a direct relationship between θ and h, Richard's equation can be written in terms of θ or h by a simple change of variable. From Equation (1), it is evident that change in flux may C535 be written in terms of ∂θ/∂t since
Schiesser's Method of Lines reduces Equation (1) to a set of ordinary differential equations (odes) by discretising the spatial part of the equation. The discretisation technique used by Schiesser is based on a finite differencing scheme consisting of upwinding and downwinding differencing to account for the domain boundaries. The vector h contains the nodal values of the hydraulic pressure at the nodes of the finite difference lattice. Boundary conditions are not directly incorporated into the finite differencing scheme but are imposed on h or ∂h/∂z distribution vectors depending on the type of boundary condition [12] . The resultant set of odes is of the form
where bold face represents a vector, f (h, t) is the resultant vector from applying the finite differencing scheme to the spatial derivatives in Equation (1) and h 0 is the initial h distribution vector. Equation (4) can be integrated by any conventional ode integrator. A full account of applying the Method of Lines to the cover liner problem is given in [5] . Note that the non-linear term C(h) is evaluated at each node and divided through Equation (1), becoming part of f (h, t) in Equation (4), to gain an expression for ∂h/∂t .
Corner point problem on the interface boundary
The main difficulty in solving Richard's Equation over the domain depicted in Figure 1 , is providing a physically accurate solution C536 around the corner points situated at the interface between the two soils (B and C ). At the interface, the two conditions of conservation of the normal flux and hydraulic pressure must hold [4, 11] :
where the subscript denotes soil type. These interface conditions are applied on the horizontal (A and B ), sloping (B and C ), and vertical (C and D ) sections of the interface boundary. Considering each interface boundary separately, Equation (5) is rewritten using Darcy's Law (2), and equating normal fluxes for the horizontal, sloping and vertical boundaries respectively:
where γ is the angle of slope as depicted in Figure 1 . To satisfy Equation (6), Equations (7), (8) and (9) can be solved iteratively for a given h on their respective boundaries. However, as both boundaries merge into the corner point B or C , Equations (7) and (8) and Equations (8) and (9) must be resolved on their respective corner points on a single nodal point within the system. This implies that there are three conditions to be satisfied by the two values, of h 1 and h 2 , at each of the points B and C , and the system is overdetermined. Instead, the continuity of the mass of water at each corner C537 point is represented in terms of finite elements. The aim of this paper is to investigate the use of a finite element patch at each corner point, to satisfy the conservation of water at B and C , and hence to estimate h 1 and h 2 at the corner points.
3 Using a finite element grid at the corner point
In Finite Elements, a combination of interpolation and integration is used to obtain an expression for total mass within an element or grid system [1] . Essentially, the technique provides a weighting for each node within a grid that can be applied to a variable (v) giving an approximation of the integral of v over the grid. For example, consider the grid system from the cover liner model around the point B as depicted in Figure 2 where points 1, 2, 3 and 6 are in Soil 1, points 4, 5, 7, 8 and 9 are in Soil 2. In addition, the step sizes ∆x and ∆z are linked by the relationship ∆z = ∆x tan γ , which ensures that nodal points lie along the sloping boundaries.
Using quadratic interpolation and integrating for each node [1] yields the following nine-point weighting scheme:
where v is a variable of interest, subscripts denotes node number from Figure 2 , superscripts denotes soil type, and 4∆x ∆z is the area of the grid system.
To conserve the volume of water around the corner point by letting v = ∂θ/∂t , Equation (10) 
where ∆Q = Q in − Q out . Since flux is defined in the direction of the z and x-axis, Q in is calculated by numerically integrating q z across the top of the grid (nodes {1, 2, 3}), and q x over the left-hand side of the grid (nodes {1, 4, 7}). Similarly, Q out is calculated by numerically integrating q z and q x over the bottom (nodes {7, 8, 9}) and right-hand side (nodes {3, 6, 9}) of the grid respectively. Equation (11) is rearranged to obtain an expression in terms of ∂θ/∂t on C539 the corner point (Node 5) by using Equation ( . (12) The above formulation does not provide a good estimate of ∂h/∂t at the corner point since discontinuities in ∂θ/∂t , q x and q z , which exist across the interface boundary, have not been considered. These discontinuities effect both the Finite Element Grid formulation as well as the estimate of Q within the grid. In particular, Node 9 in Figure 2 needs to account for discontinuities in q z from integrating over the right-hand side of the grid and ∂θ/∂t from the finite element grid formulation. A discontinuity in q z may also exists across the interface but is avoided by assuming Node 9 is in Soil 2. However, it is desirable to account for this jump in q z to provide a more accurate estimate of ∆Q for the grid around the corner point.
Handling discontinuities across the interface boundary
To handle the discontinuities across the interface boundary, a new slightly expanded grid system will be introduced to the interface corner points. The new grid for the top corner point at B is illustrated in Figure 3 . As part of the new grid system, interdomain fictitious points are placed along the interface boundary and are given the hydraulic properties of Soil 1. In essence, two sets of nodes lie along the interface allowing both soils to be represented on the boundary. The two sets of nodes enables variables to be integrated up to the interface boundary, in both soils, minimising any integration error from discontinuities. In addition, a sloping face is introduced (nodes {8, 11, 13}) to handle the three discontinuities at Node 11 (corresponding to Node 9 in Figure 2 ). Flux across the sloping face is calculated in the s-direction, which is perpendicular to the sloping face:
Since ∆z and ∆x is related by tan γ , the direction of the s coordinate is only parallel to the sloping surface of the cover liner when γ = 45
• .
The finite element formulation for the new grid will consist of a series of 4-point linear interpolated rectangles and 3-point linear interpolated triangles. These schemes have an evenly distributed weighting for each node of ∆x∆z/4 and ∆x∆z/6 respectively when C541 considering the area of the grid elements in Figure 3 . The two weighting schemes are applied to the grid system in a step-wise manner for each soil separately making use of the fictitious points in Soil 1. The resultant equation for each soil is then added together to obtain a complete estimate for the change in water content, θ with respect to time, within the grid. For example the formulation for top corner point is
where , superscripts denotes soil type, and subscripts denotes node number ( Figure 3 ). In the above formulation, the rectangular scheme was applied to nodes {1, 2, 5, 6}, {2, 3, 6, 7}, {3, 4, 7, 8} in Soil 1 and {5, 6, 9, 10}, {9, 10, 12, 13} in Soil 2 and the triangular scheme was applied to nodes {6, 7, 11}, {7, 8, 11} in Soil 1 and {6, 10, 11}, {10, 11, 13} in Soil 2. In addition, the fictitious points are nodes {5, 6, 11} in Soil 1, therefore, the actual interface boundary is represented by nodes {5, 6, 11} in Soil 2.
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To calculate the amount of flux entering and leaving the grid system, a trapezoid rule is applied to the top (nodes {1, 2, 3, 4}), bottom (nodes {12, 13}), left (nodes {1, 5, 9, 12}) and right (nodes {4, 8, 11, 13}) edges of the grid:
where q z , q x and q s are the flux in the z, x and s-direction respectively ( Figure 3 ) and ∆s = √ ∆z 2 + ∆x 2 is the step size in the s-direction. At Node 5, a discontinuity in q x can exist across the interface, which is accounted for in Q l (Equation (15)) by numerically integrating q x up to Node 5 in each soil separately. Similarly, Q l highlights the possible discontinuity in q s across the sloping surface at Node 11 integrating up to Node 11 in both soils. In essence, handling the discontinuity in the form of q s on a sloping surface accounts for the possible discontinuities in q x and q z at this node (Equation (13)).
The total change in flux within the grid is therefore
Equating the Finite Element formulation with Equation (16) (17) Equation (17) is then evaluated in terms of ∂h/∂t by using Equation (3) resulting in an ode that can be including into the ode system (Equation (4)) for the cover liner model.
Results
Two test cases are considered to test the performance of the finite element grid for the interface corner points. For the first test case, both soils are assigned the same hydraulic properties creating a pseudo-single layer cover liner model. In other words, the interface boundary should not affect the behaviour of the infiltrating water. The second test case will be to test the model on a fine over coarse soil structure or capillary barrier. A capillary barrier holds water at the soil layer interface by capillary forces inhibiting the flow of water into the coarse soil. Also, when a capillary barrier is inclined, water flows laterally down the slope above the interface. Therefore, at the interface corner points, both flow dynamics should be evident with the corner point acting as a transitional point between the two flow dynamics.
For all test cases, the waste dump is 1 metre high with a slope (γ) of 30
• . The top flat section (A -B ) and the total depth of the cover liner (A-H) is 30 cm long with a depth of 12 cm for Soil 1 (A-A ). Lengths C-D and E-D are related to A-B and A-H respectively C544 by tan γ in a similarly fashion to the step sizes ∆x and ∆z . The step size ∆z was set at 1 cm resulting in a ∆x of approximately 1.732 cm and 3193 as the total number of nodes in the system. The waste dump was chosen to be small in dimension so that a wide variety of flow dynamics could be observed in a relatively short simulation period. In addition, the initial condition is given a uniform distribution of h = −100 cm, the surface of the cover liner is given a moderate rainfall rate equal to half of the saturated hydraulic conductivity of the top soil and the bottom flat boundary (D-E) is assigned a no flow condition. The latter boundary condition will ensure that an accurate mass balance can be calculated to determine whether water is being lost or introduced into the system by the numerical solution. For reason of brevity, the solution is only shown for the top interface corner point.
For the first test case, the model was run for a simulation time of 4.8 hours using the soil properties of Glendale clay [4] , resulting in the contour plots of the hydraulic pressure (h) presented in Figure 4 . In Figure 4 , the black solid line represents the interface boundary between Soil 1 and Soil 2. It is evident from Figure 4 that the interface has successful decomposed to a single layer problem having no visible effect on behaviour of the infiltrating water. This also suggests that the Finite Element Grid is preserving mass around the corner point and the ode, which resulted from the finite element grid formulation, successfully models the transient behaviour at the corner point. This is further reinforced by a mass balance error of approximately 0.077%. The mass balance was calculated by integrating θ across each soil layer, using the fictitious points to maintain accuracy. Simpsons rule was used, in conjunction with the repeated one dimensional integration technique, for handling surface integrals [10] . In addition, the result from the first test case was compared against an actual one layer cover liner model [6] calculating relative error for each node within the cover liner system. The second test case (capillary barrier) was also run over a simulation time of 4.8 hours using Glendale clay for Soil 1 and Berino loamy fine sand for Soil 2 [13] . To give an idea of the contrast between the two soils, the saturated hydraulic conductivity for each soil are 13.1 cm/day and 541 cm/day respectively. The result from Test Case 2 is presented as contour plots of h in Figure 5 Figure 4 highlights the effect of the capillary barrier with the flow of water being impeded by the interface boundary resulting in a gathering of water in Soil 1. As expected, infiltration from the top flat (A -B ) and the sloping surface (B -C ) away from the corner point is parallel to their respective surfaces [9] . Around the corner point the contours show a smooth transition between the horizontal and sloping flow dynamics, which suggests that the finite element formulation is working. Underneath the interface in Soil 2, redistribution occurs with water moving vertical downwards and laterally down the slope under gravitational forces. Lateral flow is more predominant in Soil 2 because of the coarseness and the higher hydraulic conductivity properties of the soil. The strength of the lateral flow is depicted by the splitting of the contours with a region of water sitting on the horizontal surface (H-G) and a region moving down the sloping. Along the interface boundary including the corner point, the contours show that h remains continuous across the interface confirming that the boundary is satisfying Equation (6) . As an additional test, a mass balance was performed resulting in a mass balance error of 0.123%. The mass balance error is slightly higher than the previous test case, which is to be expected since the model must handle the contrast between the two soils.
Conclusion
For Test Case 1, the finite element formulation around the top corner point seems to conserves the amount of water flowing through the grid system. The bottom corner point does show a much larger relative error when compared against a one layer case but this can be attributed to the linear nature of the finite element formulation used in this study. Therefore, different finite element formulations should be experimented with using Test Case 1 as a litmus test. In both cases, the behaviour of infiltrating water exhibits a range of expected behaviour suggesting that the finite element grid technique works. This result is confirmed by the mass balance results, which show that mass is conserved within the system.
